The nonlinear Talbot effect, in which self-images are formed by generated parametric light from the nonlinear optical process, is presented in this paper. The comparison is made between the conventional Talbot effect and the newly observed nonlinear case. The essence of such nonlinear self-images is provided and future work on this effect is also discussed. The conceptional extension achieved here not only opens a door for broader scopes of applications in imaging techniques but also offers a way for other research fields such as visualizing various ferric domains and subwavelength lithography.
INTRODUCTION
The conventional Talbot effect, also referred to as selfimaging or lensless imaging, was originally discovered in 1836 by H. F. Talbot [1] . The effect relates to the self-imaging of periodic objects without using any optical components. Images formed in the Fresnel diffraction region are repeated along or backward along the illumination direction depending on whether the light is transmitted or reflected. Lord Rayleigh [2] was the first to explain this phenomenon analytically, attributing its origin to the consequence of Fresnel diffraction and the interference of diffracted beams. In 1881, he showed explicitly that for plane-wave illumination the self-images repeat at multiples of the Talbot length, z T ¼ 2a 2 =λ, where a is the period of the grating and λ the wavelength of the incident light. Chronologically, a similar phenomenon was later rediscovered by Winkelmann [3] , Weisel [4] , and Wolfke [5] at the beginning of the last century, as they examined grating image formation in microscopy. Many years passed again until the problem was revisited. Cowley and Moodie [6] in their pioneering work made an intensive study of the properties of the Fresnel diffraction field behind periodic objects. In their work the authors termed well-defined object images as Fourier images, whereas the intermediate-intensity patterns appearing between the Fourier image planes were called Fresnel images. The latter images received much attention in the subsequent work of Rogers [7, 8] and especially Winthrop and Worthington [9] . The term "self-imaging" was introduced by Montgomery [10] and has been used together with the term "Talbot effect" in the literature since the 1970s. The simplicity and beauty of self-imaging has since then attracted many researchers and resulted in numerous interesting and original applications that represent competitive solutions to various scientific and technological problems. A wonderful review article written by Patorski [11] includes the history of the study of self-imaging and summarized the progress made in this research area before 1990.
Recent investigations have revealed that the Talbot effect is far more than a mere optical curiosity, in which much physics is still unexplored. First, the effect is one of a class of phenomena involving the extreme coherent interference of waves. Second, these phenomena have deep and unexpected roots in classical number theory. And third, they illustrate something that we are starting to appreciate more and more, namely, the rich and intricate structure of limits in physics, i.e., quantum revivals. Following Rayleigh's pioneering example, the fine detail in Talbot wave functions is being employed in lithography. A noticeable and active research field using the Talbot imaging with atoms has led to a promising application of atom lithography. A brief summary of this research has been presented in a very recent review article [12] . The number-theory properties of the phases have been proposed as the basis of a means to carry out arithmetic computations based on interference. It is the quadratic phases shown in the origin of the Talbot effect that play the key role in revivals and fractional revivals [13] , curlicues [14, 15] , quantum carpets [16] , and Gauss sums [17] . Another interesting result reported recently [18] came from the analysis on the Talbot effect with use of entangled photon pairs in the frame of quantum imaging [19, 20] . In that work, quantum imaging and quantum lithography have been explored with the assistance of the Talbot effect. The effect has also been demonstrated in other systems such as waveguide arrays [21] and x-ray phase imaging [22] .
However, all of the above demonstrations on self-imaging have been limited to studying the properties of input beams and using real gratings for imaging. Bypassing these limitations will not only enrich the conventional self-imaging research but will also pave a new way for broader scopes of applications in imaging technologies. In a recent experiment, for the first time we have reported the nonlinear Talbot effect by forming the second-harmonic (SH) self-imaging instead of the fundamental input beam from periodically polded LiTaO 3 (PPLT) crystals [23] . The experimental observation not only maintains all characteristics of the traditional Talbot effect, but it also opens a door for imaging objects with periodic structures with higher spatial resolution. A number of distinct characteristics has been observed and turns out to be very different from the conventional Talbot effect. First of all, the recorded self-images are not produced by the input fundamental pump beam but by the SH field generated in PPLT crystals. Second, there is no real object applied in the experiment. Instead, the self-images are the replica of the SH periodic intensity pattern appearing at the output surface of the crystal, due to the spatially engineered periodic structures for nonlinear optical processes. Third, the spatial resolution in imaging is improved by a factor of 2, due to frequency doubling, compared with the fundamental pump case. In principle, the spatial resolving power can be further enhanced, if the medium allows high-order harmonics to be emitted. This will be useful for imaging and lithography techniques. Fourth, the experiment also provides a simple way to study the domain structure in the optical region. Although people can use chemical etching to look at the domain structures, one major disadvantage of this methodology is that the sample surface is damaged. The newly observed nonlinear Talbot effect thus offers an alternative way, an optical way, to easily check the domains without damaging the sample surface. This will be very helpful for inspecting integrated nonlinear optical devices, e.g., nonlinear photonic waveguides, where conventional imaging methods may not be applicable. We also noticed that compared with conventional SH imaging [24] , SH self-imaging does not require an imaging lens and no reference SH wave is needed, which greatly simplifies the experimental setup and decreases influence from vibrations. More importantly, the reported demonstration has conceptually extended the conventional Talbot effect. We expect that more interesting and exciting phenomena will be discovered after this investigation, and new applications based on this new type of self-images will be envisioned and proposed in future publications.
In this paper we present the theory of the nonlinear Talbot effect. To be specific, we take the SH self-imaging as the example to illustrate the effect. We organize the paper as follows. In Section 2, the basic idea of the nonlinear Talbot effect is given. We choose the newly observed SH self-imaging to demonstrate the principle of the nonlinear Talbot effect. Two cases are discussed based on whether a spatial phase is involved in the imaging process. The comparison with the conventional Talbot effect is also addressed. We have made further discussions on this new type of self-images and more insights have been provided, which may be useful for future work in this research field. Finally, a brief summary is given in Section 3.
NONLINEAR TALBOT EFFECT
As introduced in the Introduction, the traditional Talbot effect is a near field diffraction phenomenon in which a plane wave transmitted (or reflected) through a grating or other periodic structure propagates in such a way that the grating structure is replicated at multiples of a certain longitudinal distance. This geometrical optics can be well understood from the FresnelKirchhoff diffraction theory.
Different from the conventional self-images, the nonlinear Talbot effect is due to the interference of diffracted nonlinear optical beams in such a way that the periodic intensity patterns of the generated fields at the output surface of the nonlinear materials can be reconstructed after propagating multiples of a certain longitudinal distance. The physics behind this type of nonlinear Talbot effect can be visualized as two consecutive optical processes. The first one is the nonlinear parametric process within the material. In this process, the parametric light is produced and because of periodic domain-structure necessity for the phase matching conditions, the intensity of generated light follows the same periodicity at the output surface of the material. It is this periodic intensity pattern that forms the "periodic object" for the nonlinear self-imaging. In the first process, since the parametric conversion is a coherent process, the self-images can be only used for imaging the sample surface. Based upon this property, one can imagine that it would be difficult to perform 3D imaging, using such nonlinear Talbot effect, to look at the whole structure of the sample. However, it is possible to implement 3D imaging by setting up a Talbot interferometer. The second process is the free-space propagation of the generated nonlinear optics. By understanding the physics behind the nonlinear talbot effect, we find that the effect can be formulated within previous theoretical analyses.
To ease the discussion, in the following we take the SH selfimages as an example to illustrate the effect. We will look at the formation of the SH self-imaging in two different cases, considering whether an extra spatial phase is applied to the generated SH field within the sample. To further simplify the problem, we here only focus on the integer nonlinear Talbot imaging with artificially built 1D nonlinear crystals. The extension to 2D nonlinear crystals can be readily analyzed following a similar procedure as done in [9, 25] . The fractional nonlinear Talbot effect will not be explored in this paper, either. Its analysis can be followed from the work done in [9, 25, 26] .
A. Without Extra Spatial Phase
Propagation of Gaussian beams has received much attention because of the widespread use of laser radiation. Spatially coherent beams with uniform amplitude or intensity distributions can be treated as a special case of the Gaussian beam. Therefore, we assume that the generated SH beam takes a Gaussian profile as that of the input fundamental pump beam and its minimum waist plane is within the crystal near the output surface. We use w 0 to denote its minimum waist radius. As shown in Fig. 1 , the pump beam with wavelength λ p was incident into a 1D PPLT crystal, and the intensity pattern of the generated SH field with wavelength λ s and wave number k s ¼ 2π=λ s was recorded by a CCD (charge-coupled device) camera at certain longitudinal distances, z. In the experiment [23] , the telescope device was used to obtain a near parallel input beam. The purpose of the objective was to amplify the selfimages and ease the observation. The objective was monitored by a precision translation stage. A bandpass filter was used to filter out the pump laser.
According to the Fresnel-Kirchhoff diffraction theory, the diffraction amplitude AðRÞ is defined in terms of the amplitude transmission of the object TðrÞ and the coherent amplitude of the source Sðr s Þ. Here, vectors R, r, and r s located in the observation, object, and source planes have Cartesian coordinates ðX; Y Þ, ðx; yÞ, and ðx s ; y s Þ, respectively. In the paraxial approximation, the diffracted amplitude AðRÞ takes the form of
AðRÞ
where d 1 is the propagation distance between the object and the source, and d 2 is the distance from the object to the observation plane. Because the input pump field is along the z axis of the PPKTP crystal, the generated SH wave inside the medium is well described by nonlinear optics and has no direct connection with self-imaging. Therefore, in the following theoretical analysis we focus on its propagation from the output surface to the observation plane, which in fact forms the observed nonlinear Talbot effect. Without adding an extra spatial phase to the generated SH field, the diffraction amplitude A G (the subscript denotes Gaussian beam illumination) at a distance z from the output surface of the crystal is proportional to
where w is the Gaussian beam radius at an arbitrary plane. The integrations are performed over the infinite boundary on the output surface of the nonlinear material. In Eq. (2), Tðx; yÞ is the amplitude transmission function or the aperture function of the object, which here is a 1D periodic lightintensity pattern appearing at the output surface of the sample. The periodicity of this pattern follows the same periodicity of the 1D domain structures, a. With use of the Fourier series, Tðx; yÞ can be represented as
where b n is the amplitude of the nth harmonic. In the derivation of Eq. (2), we assume that the source is homogeneous to some extent. This assumption greatly simplifies the question and quickly catches the essential physics behind. In general, if the light source is inhomogeneous, an integration over the source plane is necessary.
In the following calculations, we shall frequently apply the identity
where the real part of α should be positive to ensure the validity of the integration. With the help of Eq. (4), after some algebra Eq. (3) becomes
where A 0 is a grouped term which plays no part in the formation of diffraction images and will be neglected thereafter, and
There is a relationship which relates α with the waist radius of the SH spot size, i.e., jαj 2 ¼ ðw z =w 0 Þ 2 ðk s =2zÞ 2 . Here w z is the Gaussian beam radius at the observation plane and
. In Eq. (5), the exponential term appearing before the summation sign describes the free-space Gaussian beam propagation between the output surface and the observation plane. Although this term plays no role in the formation of self-images, it characterizes the distribution of the whole intensity profile at the observation plane.
Since we are only interested in self-imaging here, we will also ignore this term in the following discussion. The terms after the summation in Eq. (5) result from the presence of the periodic object formed at the output surface of the crystal and ascribe the Fresnel diffraction-amplitude pattern of the object. In terms of parameters of waist radius, Eq. (5) 
The first two exponential terms in Eq. (6) describe the amplitude changes of the Gaussian beam in the axial and lateral directions imposed by the object diffraction orders. These terms are not responsible for the formation of self-images, so they will not be further discussed hereafter. The next two phase exponential terms are of basic importance to the selfimaging and will be specified below in detail.
The term
is called the localization term [11, 27] , since it states the phase changes of the diffraction orders with axial distance z. At a certain distance z, all diffraction orders are in phase and reinforced by satisfying the relation
where m is a positive integer and is referred to as the selfimaging number. In these planes the Fresnel diffraction images with maximum contrast are constructed. These images are also called Fourier (self-)images [6] . Comparing with uniform beam illumination, the Talbot length has been modified by the square of the ratio of the beam radii at the observation and object planes. One difference from the conventional Talbot effect that can be readily noticed is that the wavelength of the incident light is λ s not the fundamental one λ p . Consequently, the spatial resolution is determined by the SH wavelength. Since λ p ¼ 2λ s , there is a factor of 2 improvement in imaging spatial resolution, compared with only using the pump beam. In principle, if a periodic medium allows Nthorder harmonics to be emitted, there will be a factor of N enhancement in imaging resolving power. This would be very useful for optical imaging and lithography. We recall that the factor of 2 in Eq. (8) can be omitted. In such a case, as m is an odd integer, one can speak about self-images with half a period lateral shift with respect to the object. This results from the π phase shift of odd-number diffraction orders with respect to the zero and even-number orders. The last exponential term in Eq. (6) tells the lateral magnification M G of the diffraction patterns due to Gaussian beam illumination, which is
From Eq. (9) the fundamental difference between self-images under uniform and Gaussian beam illumination is that in the latter case, there exists a lateral magnification due to the properties of the Gaussian beam. Equations (8) and (9) state that under Gaussian beam approximation, the Talbot lengths and the lateral magnification are z dependent. Moreover, they are not a linear function of z. These have been confirmed in the experiment reported in [23] . We note that the results obtained here coincide with the conventional Talbot effect under Gaussian beam illumination [11, 27] .
B. With Extra Spatial Phase
In Subsection 2.A we discussed the SH Talbot effect without adding an extra spatial phase to the generated parametric light. In this section, we will examine such a case by introducing an extra spatial phase to the SH field within the crystal. We ask what happens to the self-images when taking into account the spatial phase experienced by the SH light. There are number of ways to introduce an extra spatial phase. One way is to apply an external electric field to spatially modify the refractive index of the nonlinear crystal. Another way is done by directly engineering the nonlinear crystal to obey some geometrical curves [28] . Here we consider introducing a spatial phase by using the first method to apply an external electric field to the crystal. The schematic of the experimental setup looks the same as shown in Fig. 1 . One spatial phase of interest takes the form
where the coefficients c 1 and c 2 are determined by the electric field and the modified refractive indices. Plugging this phase into Eq. (2) and with the help of Eqs. (3) and (4) (11), the first two exponential terms describe the amplitude changes of the Gaussian beam and are not responsible for the formation of the self-images. We will neglect these two terms hereafter. The locations of the Talbot imaging planes are determined by the third exponential term. The magnification M G is governed by the forth term. Because of the complexity of the problem, in the following we will make discussions on three different situations.
Case 1: c 1 ≠ 0 but c 2 ¼ 0. From Eq. (11), it is not difficult to learn that the SH self-images occur at the distances of z, which shall satisfy the relation
Accordingly, the lateral magnification M G of the diffraction images can be derived from Eq. (11) as
Equations (12) and (13) look more complicated than Eqs. (8) and (9) . To get some insight into these two equations, we look at one special case by taking w 0 → ∞, i.e., uniform illumination. The factor w z =w 0 then approaches one in Eqs. (12) and ( 
for the integer Talbot self-images. In such a regime, two possible Talbot lengths exist for each self-imaging number m but with different magnifications. This is different from the usual Talbot effect. It is also different from the Gaussian beam illumination with certain curvature of wavefronts as analyzed in [27] . From Eq. (13) we see that for c 1 > 0 the images are always magnified, while for c 1 < 0 the images are always demagnified. Case 2: c 1 ¼ 0 but c 2 ≠ 0. To form integer SH self-images under such a condition, one possible solution from Eq. (11) requires that
where J is an integer. This condition states that c 2 has to have discrete values instead of continuous variables. The Talbot lengths satisfy the same relation as Eq. (8) and the magnification the same as Eq. (9). The formed self-images have no difference from those discussed in Subsection 2.A. Case 3: c 1 ≠ 0 and c 2 ≠ 0. Based upon the discussions of Case 1 and Case 2, it is not difficult to understand this general case. In fact, if the self-images could be formed, the Talbot lengths are determined by Eq. (12) and the magnification is determined by Eq. (13) . Meanwhile, c 2 has to satisfy the condition (15) for integer Talbot images. We recall that the factor of 2 appearing in Eqs. (12) and (15) can be ignored. In such a case, we are talking about self-images with half a period lateral shift with respect to the object.
Before proceeding to the next section, we notice that the nonlinear Talbot effect proposed here may be used to study the reconstruction of caustics [29] in a much simpler way. The sinusoidal-like phase grating required for the illustration of the effect can be obtained by simply modulating the external electric field to change the optical response of the medium to the generated parametric signals. Experimental progress on accounting the spatial phase is ongoing.
C. Discussions
In Subsections 2.A and 2.B we have discussed the 1D SH selfimaging using the artificially man-made 1D nonlinear crystal. We have taken into account the generated SH light as a Gaussian beam. We have also examined the case if a spatial phase is introduced to the generated field. Our findings coincide with previous results using Gaussian beam illumination to some extent. The coincidence is not surprising, because the newly observed nonlinear Talbot effect is a conceptual extension of conventional self-imaging. The analysis can be readily generalized to the 2D nonlinear materials. Indeed, in the experiment [23] we have observed 2D SH self-imaging with use of a hexagonally poled LiTaO 3 slice. Moreover, in the experimental demonstration we also performed the fractional SH Talbot imaging. In the fractional self-imaging, a number of interesting features was found. For example, a 30°rotation and a π phase shift were clearly observable.
In this subsection, we will make further discussions on the newly observed nonlinear Talbot effect. In particular, we shall focus on exploring new applications. As mentioned above, the formation of SH self-images is a consequence of periodically engineered domain structures, which lead to periodic intensity patterns of the generated parametric light at the output surface. Because of the frequency doubling, the spatial resolution in imaging is enhanced by a factor of 2 compared with the simple pump illumination. Such an enhancement is important to the optical lithography. In principle, if the Nth harmonics can occur in such artificially man-made nonlinear crystals, the spatial resolution can be improved by N times compared with the fundamental input pump.
Since self-imaging is a lensless imaging process, the newly observed nonlinear Talbot effect offers a lensless imaging technique to investigate domain structures in the optical region. Although chemical etching has been established as a standard tool to look at the domain structures, one major disadvantage of this methodology is that the sample surface is damaged. In contrast, the nonlinear Talbot self-imaging provides an alternative way, an optical means, to easily check the domains but without damaging the sample surface. This turns out to be a great advantage for inspecting integrated nonlinear optical devices, e.g. nonlinear photonic waveguides. Another advantage over conventional SH imaging [24] is that the SH self-imaging does not require an imaging lens and no reference SH wave is necessary. Thus the experimental setup can be greatly simplified and much labor can be saved.
More importantly, the nonlinear Talbot effect has conceptually extended the scopes of the conventional research. Generally speaking, the demonstrated effect not only enriches traditional applications, but it also paves a way for new imaging technologies. The conceptual generalization proposed here, however, is not limited to the optical signals, and it should be applicable to other research fields as long as similar situations exist. In fact, inspired by the idea on the nonlinear Talbot effect, the experiments proposed in [18] now can be implemented with the use of a periodically poled nonlinear crystal. There is no need to place a real periodic object after the light source. Besides the formation of self-imaging of parametric light, in fact, if the domain structure can manifest the intensity distribution of the input pump at the output surface, the conventional Talbot effect with pump beam is also observable in the experiment.
SUMMARY
In summary, we have presented the physical picture of the nonlinear Talbot effect, which was experimentally demonstrated in a very recent report [23] . We used the SH selfimaging as an example to illustrate the effect. A number of interesting features which are different from conventional Talbot effect have been addressed. Potential applications of the newly observed effect have also been discussed. We expect that more interesting and exciting results will be discovered after this investigation. Many new applications based on this type of self-images will be explored and proposed in future publications.
